The energy-energy-correlator (EEC) observable in e + e − annihilation measures the energy deposited in two detectors as a function of the angle between the detectors. The collinear limit, where the angle between the two detectors approaches zero, is of particular interest for describing the substructure of jets produced at hadron colliders as well as in e + e − annihilation. We derive a factorization formula for the leading power asymptotic behavior in the collinear limit of a generic quantum field theory, which allows for the resummation of logarithmically enhanced terms to all orders by renormalization group evolution. The relevant anomalous dimensions are expressed in terms of the timelike data of the theory, in particular the moments of the timelike splitting functions, which are known to high perturbative orders. We relate the small angle and back-to-back limits to each other via the total cross section and an integral over intermediate angles. This relation, for the EEC in e + e − and in Higgs decay to gluons, provides us with the initial conditions for quark and gluon jet functions at order α 2 s . In QCD and in N = 1 super-Yang-Mills theory, we then perform the resummation to next-to-next-to-leading logarithm, improving previous calculations by two perturbative orders. We highlight the important role played by the non-vanishing β function in these theories, which while subdominant for Higgs decays to gluons, dominates the behavior of the EEC in the collinear limit for e + e − annihilation, and in N = 1 super-Yang-Mills theory. In conformally invariant N = 4 super-Yang-Mills theory, reciprocity between timelike and spacelike evolution can be used to express our factorization formula as a power law with exponent equal to the spacelike twist-two spin-three anomalous dimensions, thus providing a connection between timelike and spacelike approaches.
I. INTRODUCTION
Jet and event shape observables play a crucial role in our understanding of QCD, and are interesting more generally for understanding the structure of Lorentzian observables in quantum field theory. A particularly interesting infrared-safe observable is the energy-energy correlator (EEC), originally defined in e + e − annihilation [1, 2] , which measures the energy in two detectors separated by an angle χ, see Fig. 1 . The EEC can be defined within QCD also for a gluonic source, namely the decays of a Higgs boson to hadrons that are mediated by a heavy top quark loop [3] . The EEC has also been studied in conformally invariant N = 4 super-Yang-Mills theory (SYM) for sources that are protected by supersymmetry [4] [5] [6] [7] . It exhibits kinematic singularities in both the back-to-back (χ → π) and collinear (χ → 0) limits, allowing its behavior in these limits to be understood to all orders in perturbation theory using renormalization group techniques. The compatibility of these two limits suggests a particularly rigid structure, perhaps enabling an all orders perturbative understanding of the EEC.
The EEC has attracted significant recent attention, which has further revealed its perturbative simplicity. Advances include analytic results for arbitrary χ to nextto-leading order (NLO) in QCD [3, 8] and at both NLO [7] and NNLO [9] in N = 4 SYM; an understanding of the all orders logarithmic structure in the back-to-back limit χ → π [10, 11] ; and numerical results at NNLO in QCD [12] that have been matched [13] to the next-tonext-to-leading logarithms (NNLL) in the back-to-back limit [14] and used to determine the strong coupling [15] .
FIG. 1: a)
The EEC observable for a generic angle χ. b) In the collinear limit the EEC factorizes into a hard function, H(x), describing the production of a parton of momentum fraction x from the source, and a collinear jet function, J(x, χ), describing the measurement.
Recently a description of the all-orders behavior in the collinear limit for a conformal field theory has been given [16, 17] based on the light-ray operator formalism [18, 19] . The limit is described by a spacelike operator product expansion (OPE) controlled by the twisttwo spin-three operator whose role was identified earlier [4, 20] . Another spacelike approach to the collinear limit in a CFT has been developed more recently [21] , based on the representation of the EEC in terms of the Mellin amplitude of the four-point function [5] [6] [7] .
Despite this progress, the all orders logarithmic structure in the collinear limit remains less well understood for a generic quantum field theory. The leading logarithms (LL) in the χ → 0 limit have been resummed to all orders in QCD using the jet calculus approach [20, [22] [23] [24] [25] . However, there has not been a systematic framework for resumming subleading logarithms. In addition to being of formal interest, the collinear limit is particularly relevant for the study of jets and their substructure at the Large Hadron Collider (LHC), motivating an improved quantitative understanding.
In this paper we present a factorization formula describing the χ → 0 limit of the EEC in a generic massless quantum field theory, conformal or asymptotically free. All logarithms in the perturbative expansion can be resummed using the renormalization group evolution of certain jet functions appearing in the factorization formula. We show that the anomalous dimensions of these functions are related to the timelike twist-two anomalous dimensions governing the evolution of fragmentation functions for identified hadrons. These timelike splitting kernels, along with the corresponding hard functions or matching coefficients, are known through NNLO in QCD [26] [27] [28] [29] [30] . These results facilitate the determination of the asymptotic behavior of the EEC in the χ → 0 limit to high perturbative orders. We explicitly resum the EEC to NNLL accuracy in QCD and in N = 1 SYM, improving by two logarithmic orders the best known results in the literature. In the particular case of N = 4 SYM, a reciprocity that relates timelike and spacelike anomalous dimensions [31] [32] [33] [34] [35] [36] [37] [38] allows us to express our result as a power law, where the exponent is the twisttwo spin-three spacelike anomalous dimension [4] . This relation provides a link between timelike dynamics and spacelike data.
An outline of this paper is as follows. In Sec. II we review the definition of the EEC observable. In Sec. III we present our factorization formula for the collinear limit of the EEC. In Sec. IV we discuss a sum rule arising from the overall normalization of the cross section and how this enables us to obtain the two loop jet function for the EEC. In Secs. V, VI and VII we study the behavior of the collinear limit of the EEC in QCD, N = 1 SYM and N = 4 SYM, highlighting several interesting features of each case. We conclude in Sec. VIII, and discuss a number of interesting future directions. We also provide an ancillary file supplying an iterative solution through nine loops to the NNLL jet function evolution equations in QCD.
II. OBSERVABLE DEFINITION
The EEC is defined as [1] 
where dσ is the product of the squared matrix element and the phase-space measure, E i and E j are the energies of final-state partons i and j in the center-of-mass frame, and their angular separation is χ ij . For convenience, we have chosen to work with the variable z satisfying
Due to the fact that Q 2 = ( i E i ) 2 = i,j E i E j , the EEC observable satisfies the normalization condition
As we will see in Sec. IV, this relation places strong constraints on the cross section, and in particular, links the singular behavior at the two kinematic endpoints.
In the collinear limit, z → 0, the perturbative contributions to the EEC exhibits a single logarithmic series
where
denotes a standard plus distribution. The ellipses denote terms with a less singular power than 1/z. (Note that δ(z) ∼ 1/z.) One of our primary goals will be to describe this logarithmic structure to all orders.
III. FACTORIZATION FORMULA
It is convenient to work in terms of the cumulant of the EEC,
where σ 0 is the Born-level total cross section. The cumulant maps ln j z/z + → 1/(j+1)×ln j+1 z and δ(z) → 1.
The µ-dependence in the last arguments of Σ and dσ/dz is entirely through the strong coupling α s (µ); we just write it as µ to save space. One of the main results of this paper is a factorization formula for Σ in the z → 0 limit
This formula factorizes the dynamics in the collinear limit into a hard function H, which describes the dynamics of the source, but is independent of the measurement, z, and a jet function, J, which describes the z dependence, but is independent of the source. This is illustrated in Fig. 1 . Both the hard function and jet function are vectors in flavor space. For the particular case of QCD, where we have quarks and gluons, we have J = {J q , J g } and H = {H q , H g }. It is not necessary to distinguish q andq due to the charge conjugation invariance of QCD and the symmetry of the source. Corrections to this factorization formula are suppressed by an integer power of z, as can be shown from the known structure of higher twist distribution functions [39] . The jet functions are gauge invariant non-local operators. The quark jet function is defined as
where χ n is a gauge invariant collinear quark field in SCET [40] [41] [42] [43] . The Θ function on the parton separation angle θ ij is appropriate for the cumulant definition of J in Eq. (6) . The gluon jet function is defined in a similar manner, using a gauge invariant gluon field. (In a more general context, Q/2 would be replaced by the jet energy in an appropriate frame.) The jet and hard functions both satisfy renormalization group (RG) evolution equations which allow for the resummation of logarithms of z. The RG equation for the hard function is given by
where P T is the singlet timelike splitting kernel matrix
The jet function obeys the RG equation
This equation can be derived by requiring the cumulant Σ in Eq. (6) to be RG invariant, combined with the evolution equation (8) for the hard function. As indicated in Eq. (6), logarithms in the jet function are minimized at the scale
T , which physically corresponds to a transverse momentum scale q T ≈ χxQ/2 associated with the splitting at momentum xQ and angle χ measured by the EEC. The logarithms of the hard function are minimized at the scale µ 2 = Q 2 , which corresponds to the energy scale of the source. Resummation is achieved by computing the boundary values of the jet and hard functions at these scales, and then performing the RG evolution from one scale to the other.
The factorization formula in Eq. (6) is more complicated than the standard jet calculus formula which describes the leading logarithms [20, [22] [23] [24] [25] , due to the presence of the convolution in the momentum variable x. This convolution is only required beyond LL; at LL it suffices to set x = 1 in the argument of J. The evolution equation (10) then simplifies to a multiplicative renormalization,
where γ T ≡ γ T (3) is the N = 3 moment of the LO timelike singlet splitting kernel. At LO, the timelike and spacelike moments are identical, and are given by
We adopt the conventions of refs. [27] [28] [29] [30] for splitting kernels and anomalous dimensions, which are related by a Mellin transform,
We also use the perturbative expansion parameter a s ≡ α s /(4π).
An exact solution to Eq. (11) is given by
where β 0 = (11C A − 2n f )/3, V is the matrix that diagonalizes γ
T , and γ
T is the diagonal vector of the diagonalized matrix. Substituting this solution into Eq. (6), using that
and differentiating Σ to obtain dσ/dz, we reproduce the LL resummation formula obtained using jet calculus. Beyond LL, the convolution in the momentum fraction variable, x, cannot be eliminated. Indeed, we will see in Sec. VII that this convolution is crucial to obtain a correspondence with the spacelike picture in a conformal field theory (CFT).
IV. JET FUNCTIONS AND SUM RULES
The hard function and the timelike splitting kernel entering our factorization formula are known in QCD to NNLO [27] [28] [29] [30] , however, the EEC jet functions are new. They can be computed from their operator definition, which at NLO is equivalent to integrating the splitting functions against the EEC measurement function. One subtlety when computing the jet functions is that the EEC detectors can both be placed on the same particle. This is in fact essential to obtain an IR finite jet function. Representative one-loop diagrams for the quark jet functions are
where the red dots denote insertions of the EEC operators. Writing the perturbative expansion of the jet func-
q,g , with J
q,g = 1, a simple calculation gives the one-loop quark jet function,
Renormalization leads to mixing between the quark and gluon jet functions. The one-loop gluon jet function can be computed in a similar manner; the result is
The pole and ln(zQ 2 /µ 2 ) coefficient are again dictated by the anomalous dimensions, here γ
gg . The direct perturbative calculation of the jet function at NNLO is non-trivial due to the appearance of triple collinear splitting functions [44, 45] and the constraints on the three-particle phase space. Instead of performing a direct calculation, we can obtain the jet function by exploiting the sum rule (3) . Using the sum rule at O(α 2 s ) requires knowledge of the singular behavior in the back-to-back limit [10, 14] and the analytic form of the NLO EEC for both e + e − annihilation [8] and hadronic Higgs decay [3] . It also needs the perturbative corrections to the total cross section, which are known in QCD to O(α 4 s ) [46, 47] . To illustrate this idea, we recompute the NLO jet constants using this sum rule. The LO EEC in e + e − , including its end-point contributions, is given by
The factorization formula (6) provides the δ(z) term, where h q 1 = 131/16 C F and h g 1 = −71/48 C F are the N = 3 moments of the NLO quark and gluon hard functions (normalized to be half the sum of the T and L angular coefficient functions in ref. [27] , as explained in App. A). The one-loop result for the total cross section is 1 0 dz dσ/dz = 3C F σ 0 a s . The bulk integral, defined to be the integral omitting the delta functions and plus distributions (the latter integrate to zero), is
Combining these results, we can extract j q 1 = −37/3 C F , which agrees precisely with Eq. (18) . Note that this computation requires the knowledge of the δ(1 − z) term.
In order to extract the two two-loop jet function constants, we integrated the NLO EEC bulk cross sections for e + e − and Higgs [3, 8] numerically to high accuracy and reconstructed the result in terms of ζ values using the PSLQ algorithm. The result is
Combined with the singular prediction in the z → 1 limit [10, 14] , as well as the O(α 2 s ) δ(1 − z) term [48] , this information enables us to extract the jet function constants. We find
We have also checked this result by a direct calculation of the n 2 f terms. Finally, in ref. [21] , the idea of the sum rule presented in this section was extended to derive sum rules for 1 0 dz zdσ/dz, and
We have verified that these extended sum rules are satisfied to O(α 2 s ) for all color channels, providing a stringent check of our jet function constants in Eq. (26) , and emphasizing the interesting constraints on the EEC imposed by sum rules.
V. NNLL RESUMMATION IN QCD
With the two loop jet constants in hand, we are able to compute the all orders singular behavior of the EEC in the collinear limit to NNLL. The analytic solution of the renormalization group equations in QCD is complicated by the presence of the matrix structure, and the running coupling. We therefore solve the equation iteratively. Results to nine-loop order are provided in ancillary files for both e + e − annihilation and gluonic decays of the Higgs. This order suffices for convergence down to z = 0.004, and higher orders would be straightforward to obtain as well. In App. A, we provide the timelike moments of the splitting functions that are necessary to perform the evolution, as well as the hard function coefficients for the two processes.
In Fig. 2 we plot the resummed results in the z → 0 limit for both e + e − annihilation and Higgs decays to gluons at various logarithmic accuracies, for µ = Q. We match the NLL and NNLL resummations to the analytic NLO results [3, 8] by adding the resummed and NLO formulas and subtracting the overlapping α s and α 2 s terms in the perturbative expansion of the resummed formula. We take α s (Q) = 0.118 and n f = 5, as appropriate for measurements at Q = M Z . To facilitate the comparison of quark and gluon sources, we have set the Higgs mass M H = M Z , and we do not include renormalization of the short-distance operator HG µν G µν . The higher order logarithmic corrections are large. The right side of the plot shows that the large corrections extend out to moderately small angles, as was also observed in a fixed-angle NNLO computation for e + e − [49] .
Note that we plot the EEC with a prefactor of z(1−z). In principle, our logarithmic resummation is insensitive to the factor of (1 − z), since it represents a subleading power correction. However, comparing the expansion of the resummed formula with analytic fixed order results, we find that the LO and NLO power corrections are much smaller for e + e − if we interpret the resummation as being for z(1 − z)/σ 0 × dσ/dz, rather than for z/σ 0 × dσ/dz, so this is what we have done. The small size of the power corrections resulting from this choice is visible on the right side of Fig. 2(a) (where the resummed terms are small) in the good agreement between the LL and LO (exact) curves, and between the NLL and NLO (exact) curves. The power corrections are larger in the Higgs case. It would be interesting to extend this comparison to NNLO [49] .
In Fig. 2 we observe quite different numerical behavior in the z → 0 limit for the case of e + e − annihilation and gluonic Higgs decays. This difference is due to the different collinear structure of the initiating hard partons, namely quarks in the case of e + e − annihilation and gluons in the case of Higgs decays. To better understand this behavior, we recall that in a CFT the anomalous dimensions of twist-two operators are non-negative [50, 51] . This guarantees that in a CFT, the differential cross section plotted as zdσ/dz decreases as z → 0. (See Eq. (36) for the form of the cumulant for a CFT.) In the case of QCD, there is a competition between β function contributions and twist-two anomalous dimensions. The β functions contributions drive zdσ/dz larger as z → 0, because the coupling is larger at smaller scales. The twist-two anomalous dimensions, as in a CFT, drive zdσ/dz smaller as z → 0. The competition plays out differently for quarks versus gluons. For gluons the splitting anomalous dimensions win, leading to a suppression at small values of z, and comparatively "wider" jets than for quarks, where the β function contribution wins. In other words, for the Higgs, the EEC behaves quite similarly to the case of a CFT, while for e + e − , the growth of the cross section as z → 0 indicates a qualitatively different behavior than in a CFT. The balance between beta function contributions and anomalous dimensions is quite delicate, and as we will see in Sec. (VI), in N = 1 SYM we can exactly balance the two contributions at LL accuracy, so that there are in fact no leading logarithms as z → 0! This dependence on the source (or hard initiating parton) in the z → 0 limit should be contrasted with the behavior in z → 1 limit, where to LL accuracy we have [10, 52] 
where Γ cusp is the cusp anomalous dimension [53] , J 0 (b) is a Bessel function, and C i is the color Casimir, namely C i = C F for e + e − annihilation, and C i = C A for Higgs decays to gluons. To this order, the only process dependence enters through the color Casimir, a property referred to as Casimir scaling, which is also observed for most jet substructure observables. We believe that the fact that the EEC is directly sensitive to the collinear structure of the initiating hard parton, beyond simply its color Casimir, makes it interesting as a jet substructure observable, and complementary to other such observables.
To understand the large corrections from LL to NLL to NNLL, we give the results through NNLO in the collinear limit, with C F = 4/3, C A = 3, n f = 5, and µ = Q substituted in to simplify the expression. For the case of e + e − annihilation we have 
and for the case of gluonic decays of the Higgs, we have 
where a s = α s (Q)/(4π). The complete C F , C A , n f dependence can be found in the ancillary files. The O(α 2 s ) terms agree with the NLO fixed-angle result [8] , also when the same analysis is applied to the Higgs case [3] . Here we can clearly see the different signs for the logarithmic terms between the e + e − and Higgs cases, explaining the behavior seen in Fig. 2 .
The rapid growth of the perturbative coefficients is driven partly by the β function, particularly for the case of e + e − , where the β function drives the growth of the cross section as z → 0. To see this, we can go to the Banks-Zaks fixed point [54] , letting C A = 3, C F = 4/3 and adjusting n f = 33/2 + O(α s ) in order to set β 0 = β 1 = β 2 = 0. We then find We see that at the Banks-Zaks fixed-point there is a large reduction in the growth of the higher order perturbative corrections, although more than just the β function is involved in the reduction of the a 2 s ln 0 z term. Also, for the Higgs case, where the logarithmic corrections are negative, we do not find that the Banks-Zaks values are smaller. The poor convergence for QCD with five flavors motivates extending our results to N 3 LL to obtain a more stable prediction. One would also like to better understand qualitatively the dominant corrections at higher perturbative orders. One example could be to study the large β 0 limit which has previously been considered for non-singlet anomalous dimensions in QCD [55, 56] .
VI. N = 1 SYM AND LANDAU POLES
To further illustrate the role of the β function in the collinear limit, we consider pure N = 1 SYM theory with an adjoint gluino. Results for this theory can be obtained from QCD by setting C F = C A , and n f = C A . (Such results are in the non-supersymmetric MS scheme. They could be converted to the supersymmetric DR scheme by a suitable redefinition of α s , but we won't do that here.)
In this case, one finds a fascinating cancellation due to the fact that j γ (0)
Due to the simpler structure of this theory, we can write a closed form solution for the resummed cross section, which to NNLL reads, for µ = Q,
Here the constants c S i are functions of the coupling, and depend on the nature of the source, S. They can be found in App. A for a vector source coupled to quarks (e + e − ) and scalar source coupled to gluons (Higgs). It would be interesting to explore the implications of N = 1 supersymmetry for the constants, as has been done for conformal operators [57] . The last term in Eq. (33) comes from the form of the (logarithm of) the two-loop running coupling, with β 1 = 6C 2 A = 2C A β 0 . In QCD, the threeloop running coupling contributes at NNLL, but in N = 1 SYM only two loops is required due to the leading-log cancellation mentioned above.
In Fig. 3 we plot the closed-form solution (33) (NNLL), as well as an analogous solution at NLL, for the case of an e + e − source. (The Higgs source is qualitatively similar.) The plot extends down to much smaller angles than the QCD plots in Fig. 3 . From the log-log plot it is clear that the result is far from a power law at these angles, where the coupling is varying rapidly. It is still close to a power law for z > 0.004, the range covered in the QCD plots. (Indeed the pure resummed QCD results are close to power law there too, because the QCD coupling is still not that large.) We also provide the NNLL results in the same iterative nine-loop approximation we used for QCD, so that one can see how the approximation breaks down at smaller angles.
The closed form expression (33) explicitly exhibits the Landau pole at z ≈ exp[−1/(3C A a s )] ≈ 7 × 10 −6 for α s = 0.118. As shown in Fig. 3 , the Landau pole has a FIG. 3: Resummed results for the EEC in N = 1 SYM for an e + e − source, using Eq. (33) at NNLL, and a simpler formula that resums the logarithms at NLL only. We also plot the NNLL result using the same iterative approach used for QCD through nine loops.
positive residue. That is, in N = 1 SYM theory the β function dominates over the splitting anomalous dimension (for e + e − or Higgs sources), starting at NLL, as was the case for e + e − annihilation in QCD discussed earlier (see Fig. 2 ), starting at LL, although in that case, we did not obtain a closed form solution exhibiting the Landau pole. This feature highlights the important fact that if one is sufficiently far from the conformal limit that the β function dominates over the splitting anomalous dimensions, then one can only compute the EEC perturbatively for values of z greater than some minimal value, and the observable is not small in the z → 0 limit. In fact, it is so large that the sum rule (3), evaluated at finite coupling instead of order by order, does not converge at z = 0. It seems that in this case, some non-perturbative input is required, and it would be nice to know if the sum rule could provide constraints. The single-logarithmic nature of the small-angle EEC is quite different than a Sudakov limit in which the double logarithms in Eq. (27) provide a strong exponential suppression as one approaches the infrared.
VII. N = 4 SYM AND RECIPROCITY
In this section, we apply our framework to N = 4 SYM theory, which is a CFT, leading to a simple behavior in the collinear limit based on a spacelike OPE [4, 16, 17, 21] . In addition to highlighting the different behavior in a CFT, N = 4 SYM theory is particularly interesting because the anomalous dimension that governs the singular behavior can be determined to high orders in the weak coupling expansion, or even at finite coupling from integrability. Therefore the collinear limit can be studied at a level that is unachievable in QCD. Furthermore, the study of the singular limits provides data to potentially enable a bootstrap of the complete result for the EEC.
In N = 4 SYM, supersymmetry implies that j P jφ (y) = j P jλ (y) = j P jg (y) = P T,uni. (y), where j is summed over the scalar φ, fermion λ, and gluon in the N = 4 super-multiplet, and P T,uni. is a universal timelike splitting kernel [58] . Therefore, the splitting matrix reduces to a scalar, significantly simplifying the analysis of the evolution equations. Furthermore, the result is independent of the source for any operator in the stress-tensor multiplet [59, 60] .
More interestingly, since the coupling does not run in a CFT, the only scale in the problem is zQ 2 . One can then make a power law ansatz for the jet function
where the anomalous dimension γ N =4 (α s ) can be determined by substituting into the jet function evolution equation (10) . Explicitly, using the definition (13), we find
where γ N =4 T (N, α s ) is the Mellin N + 2 moment of the universal splitting kernel P T,uni. (x, α s ). Note that in the N = 4 case we use a shifted argument, since performing the sum j γ jφ (N ) = j γ jλ (N ) = j γ jg (N ) = γ T,uni. (N − 2) shifts the argument by two units in Mellin space. Therefore, for the scalar N = 4 universal anomalous dimension, although it is evaluated at N = 1, we will still refer to it as the twist two spin three anomalous dimension.
When the power-law behavior of the jet function (34) in N = 4 SYM is inserted into the factorization formula (6), the z dependence can be factored out of the integral. We therefore find that in N = 4 SYM, the z → 0 asymptotics can be written as a simple power law
as is expected for the scaling behavior of a CFT. This simple power law should be contrasted with the more complicated behavior in a non-CFT, for example Eq. (33) . The N = 4 result can also be written as a power series in ln z, which is given at NNLL in App. A.
To further simplify the quantity γ N =4 J appearing in Eq. (36), we can combine Eq. (35) with the reciprocity relation between timelike and spacelike anomalous dimensions [33, [35] [36] [37] [38] 
to find that
In other words, the scaling evolution of the jet function is governed by the universal anomalous dimension of the spacelike twist two spin three operator! Furthermore, as mentioned above, in a CFT the anomalous dimensions of spacelike twist-two operators are positive, guaranteeing that the resummed result for the differential cross section is integrable in the z → 0 limit. The spacelike twist-two anomalous dimensions are particularly convenient since they are anomalous dimensions of local operators. In N = 4 SYM, they can be computed up to a remarkable 7 loops [58, [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] , and numerically at finite coupling using the quantum spectral curve [74] [75] [76] [77] .
It is quite remarkable that the timelike dynamics of a jet can be described by the anomalous dimension of local operators, at least in a CFT. This was first observed in ref. [4] and has been studied in refs. [16, 17] using the light-ray operator formalism [18, 19] , and also in ref. [21] using a Mellin-based approach. Here we have shown how the reciprocity relation provides a connection between this framework and the more standard timelike splitting picture used to study the dynamics of jets in QCD. Alternatively, the equivalence of the results of [16, 17, 21] , which are naturally expressed in terms of spacelike data, and our results, which are naturally expressed in terms of timelike data, allow for a proof of the reciprocity relation, Eq. (37), for one value of the Mellin moment. We believe that further studies of the relationship between the spacelike and timelike approaches could provide a better understanding of reciprocity relations.
The constant C(α s ) in Eq. (36) is given by
2 Note that the term reciprocity is sometimes used to refer to the fact that the anomalous dimensions of a CFT are functions of the conformal spin [35, 37] which was proven to all orders in perturbation theory [61] . Here we use reciprocity in a stronger sense, namely that when expressed in terms of the conformal spin, both the spacelike and timelike anomalous dimensions can be written in terms of the same universal function [35, 62] , leading to the functional relation between the spacelike and timelike anomalous dimensions in Eq. (37) [33, [35] [36] [37] [38] . To our knowledge, there does not exist an all orders proof of this relation, although, as mentioned in the text, the equivalence of the results of [16, 17, 21] with those presented here allows it to be proven for one moment, N = 1 in N = 4 parlance.
and the spacelike anomalous dimension is given by
The expression for the spacelike anomalous dimension is non-standard, since it has been continued to odd N [78] . The result (40) agrees with an independent computation [21] .
The O(α 2 s ) term in C(α s ) was extracted from the sum rule (3), using an analysis of the back-to-back limit [21, 48] , and the bulk integral computed from the NLO result [7] ,
Note that in N = 4 SYM, corrections to the total cross section vanish to all orders for the standard source because it is a protected operator. Also, unlike in QCD, it is not necessary to distinguish the jet and hard contributions to the δ(z) term, because the coupling does not run and so it is the same at the natural scales for both functions, √ zQ and Q. Differentiating Eq. (36) with respect to z and expanding in α s , we find complete agreement with all the α 3 s terms appearing in the χ → 0 limit of the recent NNLO fixed-angle result [9] .
Recently it has become possible to use an OPE computation [79] to determine C(α s ) to O(α 3 s ), i.e. N 3 LL, and the back-to-back limit is also understood at this order [21] . The sum rule (3) then predicts the next term in Eq. (41), which can be computed [21] using the results of ref. [9] . It would be interesting to see whether the normalization coefficient, C(α s ) could be extracted to even higher orders, or even exactly, using integrability.
Through at least three loops, anomalous dimensions of twist two operators obey a principle of maximal transcendentality [58, 64, 67, 80] : The N = 4 results are harmonic sums with a uniform transcendental weight, 2L − 1 in Mellin space at L loops, and they can be extracted from the QCD results by setting C F → C A and keeping only the leading transcendental terms. This principle does not work for the EEC at fixed angles, i.e. generic z; the leading transcendental functions of z have different rational prefactors. In the back-to-back limit, z → 1, large spin operators dominate, the N = 4 SYM EEC has a uniform weight, and the principle of maximal transcendentality holds. In the collinear limit, z → 0, an operator of fixed spin dominates, and the harmonic sums evaluate to rational numbers that do not convey the weight information anymore. Nevertheless, by comparing the N = 4, N = 1 and QCD results for the EEC as z → 0, and counting ln z as weight 1, we see that the terms of maximal transcendental weight 2L − 1 are equal. This property is ultimately inherited from the fixed-spin spacelike (or timelike) anomalous dimensions.
We can also assess the other individual contributions to the sum rule (3) that are of leading transcendentality, in this case weight 2L. We first observe that the leading transcendental terms in the N = 4 bulk integral (41) agree with those in the QCD bulk expressions (23) and (24), after setting C F → C A . The δ(z) coefficients, which were used to fix j q 2 and j g 2 , also have this property. The corrections to the total cross section vanish in N = 4 SYM, but not in QCD; however, the QCD corrections have subleading transcendentality. In other words, each of the four individual contributions to the sum rule (3) appears to separately obey a leading transcendentality principle, although only the δ(1 − z) term is of homogeneous weight in N = 4 SYM.
We conclude this section by discussing to what extent reciprocity can be used to organize the timelike evolution in a non-conformal field theory. While the relation [37] 2γ
is expected to hold in a non-conformal theory, the property that only the N = 3 moment contributes to the small-angle EEC will not persist away from the conformal limit. Consider for simplicity the case of pure Yang-Mills theory, e.g. set n f = 0 for the gluonic source of Higgs decay. We make an ansatz for the evolved gluon jet function that incorporates the running coupling,
Repeating the derivation given in this section for N = 4 SYM, one finds that to NLL in ln z we have the relation
Expanding in terms of β 0 1, using the reciprocity relation of Eq. (42), and keeping only the terms to NLL, one finds
Therefore, in a non-CFT, one no longer needs just γ YM S (3), but also Mellin space derivatives around this point with coefficients proportional to the β function. We emphasize that γ YM J is the effective anomalous dimension defined by the ansatz (43), which is why it has explicit z dependence.
It would be helpful to understand Eq. (45) from the perspective of a weakly broken conformal field theory, as well as to extend such a relation to the multi-flavor case. However, since in QCD the β function and the twisttwo anomalous dimensions are of the same order, this organization becomes increasingly complicated at higher orders (This was clearly illustrated in Sec. VI where for the case of N = 1 SYM the β function exactly cancelled the running from the twist-two anomalous dimension at LL.). Another complication is that the couplings in the jet function and the hard function are naturally evaluated at different scales, namely α s ( √ zQ) and α s (Q), and it would be nice to explore how this arises from the spacelike perspective. We leave these directions to future work.
VIII. CONCLUSIONS
In this paper we have presented a factorization formula which describes the collinear limit χ → 0 of the EEC observable. This formula applies in a conformal or asymptotically free QFT, and is formulated in terms of the timelike data of the theory. For QCD and N = 1 SYM, we computed the EEC to NNLL, extending the previously known jet calculus resummation at LL. In the particular case of a CFT, which here we took as N = 4 SYM, we have shown how spacelike-timelike reciprocity allows the result to be written as a single power law with the spacelike N = 3 moment, providing a connection with the approach of ref. [4] . We have also emphasized the importance of the sum rule in Eq. (3), which allows the singular behavior in the χ → 0 and χ → 1 limits to be related to information in the bulk region of the EEC distribution.
There are a number of directions that would be interesting to pursue. First, for phenomenological applications, due to the large corrections observed at NNLL in QCD, it would be helpful to perform the resummation at N 3 LL. This would allow the EEC to be described by N 3 LL resummation of large logarithms at both z → 0 and z → 1 endpoints, combined with NNLO fixed order results in the bulk of the distribution. One of the ingredients for resumming the z → 0 limit at N 3 LL is the set of N = 3 values of the N 3 LO twist-two timelike anomalous dimensions, which should be obtainable from the spacelike ones using reciprocity. At present, the nonsinglet N 3 LL spacelike anomalous dimensions are available for arbitrary Mellin moment in the large N c limit, and approximately for the subleading-in-N c terms [81] . A few moments of the singlet anomalous dimensions are available [82] , which might already allow for an approximate determination. It will also be necessary to compute the hard functions at this order. The three-loop jet functions may then be extractable using the sum rule for [21] , if the Higgs EEC can be computed numerically at NNLO for generic angles. Finally, in order to use such N 3 LL results in a precision extraction of the strong coupling, α s , a good understanding of the non-perturbative corrections in the collinear limit will be required.
On the more formal side, it would be beneficial to explore to what extent reciprocity can shed light on the EEC in QCD, including both the effect of the running coupling, and multiple flavors. Reciprocity has also been observed at higher twist [83, 84] , and it would be interesting to extend our timelike factorization formula to higher powers in the z expansion, and to understand the role that reciprocity plays at subleading powers. A better understanding might enable timelike dynamics to be related to local operators, which could then potentially allow them to be computed non-perturbatively on the lattice. It would also be interesting to better understand the relation between the timelike factorization approach presented in this paper, and the recent approaches of refs. [16, 17, 21, 85] .
Finally, our factorization formula, with the same jet functions but modified hard functions, also applies to small-angle energy correlations that can be measured at a hadron collider such as the LHC. Observables similar to the EEC are commonly used in jet substructure [86] [87] [88] [89] [90] (for a review see ref. [91] ). Note that the EEC, unlike typical event classifiers, produces a distribution of values even for a single event. In this context, the EEC provides an interesting example of a single logarithmic jet substructure observable that is directly sensitive to the collinear structure of jets, and is naturally insensitive to soft radiation. Fig. 2 exhibits the different behavior of the EEC for quark and gluon jets. We therefore believe that the theoretical simplicity of the EEC in the collinear limit, and its relation to well known field-theoretic quantities, will enable further advances in our understanding of the substructure of jets.
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While the power law form of (36) is natural from the perspective of a CFT, for comparison with our results in QCD and N = 1 SYM, it is interesting to also write the N = 4 SYM result as a power series in ln z. We find
Unlike the result for the non-conformal N = 1 SYM theory in (33) , the N = 4 SYM result is a pure power series in ln z, and does not involve 1/(1 + β 0 a s ln z) terms which give rise to the Landau pole. In N = 4 SYM, this series seems convergent for all values of z.
In the text we presented the form of the N = 1 SYM result to NNLL as To iteratively solve the evolution equation for the jet function in Eq. (10), we require the N = 3 moments of the timelike splitting functions, as well as certain logarithmic moments of the splitting functions, which occur when the equation is iterated to higher order. For convenience, in this appendix we collect all moments required to achieve NNLL accuracy, as well as the constants in the relevant hard functions.
We expand the timelike splitting functions perturbatively as
and we denote the N = 3 moment, which is relevant for the evolution of the EEC, by
To NNLL, we need the N = 3 moment at LO, NLO and NNLO, which can be obtained from refs. [27] [28] [29] [30] . (Note that we include the pure singlet term in theelement.) At LO, we have
T,gq = −
T,qg = −
At NLO, we have
T,gq = 28
T,qg = 28 15 ζ 2 + 619 2700
T,gg = −8ζ 3 + 52 15 
Beyond LL, due to the appearance of ln y in the jet function on the right-hand side of the RG equation (10), one encounters the same moments of the splitting functions, but weighted by additional logarithms,
We have used this notation since these logarithmic moments correspond to Mellin space derivatives, evaluated at N = 3, namely
We also use the shorthandγ ≡ ∂ N γ andγ ≡ ∂ 2 N γ. To NNLL, we require the first and second logarithmic moments of the LO splitting functions, and the first logarithmic moments of the NLO splitting functions. The logarithmic moments of the LO splitting functions arė We also record the hard function constants at µ = Q that are required for the e + e − annihilation and Higgs decay processes, extracted from refs. [28] [29] [30] . Again the N = 3 moment is required at the first order the hard coefficient appears, and integrals weighted with additional powers of ln x, again denoted by dots, appear at subsequent logarithmic orders. The Born level hard function does not require dots because it is a delta function at x = 1, and 1 0 dx x 2 ln n x δ(1 − x) = 0 for n > 0. The coefficients required for e + e − annihilation are defined as 
and so on. The ones needed to NNLL are given by 
